Power spectrum and anisotropy of super inflation in loop quantum cosmology 
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We investigate the scalar mode of perturbation of super inflation in the version of loop quantum 
cosmology in which the gauge invariant holonomy corrections are considered. Given a background 
solution, we calculate the power spectrum of the perturbation in the classical and LQC conditions. 
Then we compute the anisotropy originated from the perturbation. It is found that in the presence 
of the gauge invariant holonomy corrections the power spectrum is exponentially blue and the 
anisotropy also grows exponentially in the epoch of super inflation. 
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I. INTRODUCTION 

Inflation model is the most promising one subject to 
observational tests in cosmology, which can express the 
origin of the large scale structure in the universe [IH^. 
In the form of inflation theory, all the structure we see 
in the universe is a result of quantum fluctuations dur- 
ing the inflation epoch, including the observed cosmic 
microwave background (CMB) anisotropy and the large- 
scale distribution of galaxies and dark matter. However, 
what fundamental theory the inflation seems to arise is 
still a question. In the simplest versions, the inflation is 
realized by a scalar field, whose kinetic energy is negli- 
gible compared to the potential energy. Other theories 
such as string and M-theory can also give rise of inflation. 
In this paper we focus our attention to the form of loop 
quantum grivity(LQG) 

Loop quantum gravity (LQG) is a background in- 
dependent and non-perturbative canonical quantization 
of general relativity. The variables used here are the 
holonomies of the connection and fluxes of the tried. 
Its cosmological version, the loop quantum cosmology 
(LQC) 0, which is the application of LQG to symmet- 
ric states (see Refs.[TTrll3|. has achieved many successes. 
In particular, LOC can lead to a non-singular evolution 
of the universe with the behavior being traced to 
the discreteness of the spacetime. Although the scheme 
of the evolution is fascinating, the rigorous approach is 
very difficult to afford and it is not easy to connect it 
with the existing theories based on classical dynamics. 
In dealing with this problem, another approach based on 
the effective or semi-classical equations comes out. Given 
modifications of the discreteness of spacetime to the clas- 
sical dynamics, a number of important quantum effects 
can arise. There are two types of corrections that are ex- 
pected from the Hamiltonian of LQG. One is the "inverse 
volume correction" and the other is the "holonomy cor- 
rection". With the inverse volume correction, the clas- 



sical dynamics is modified to include high energy cor- 
rections which originate from the specrtra of quantum 
operators related to the inverse scale factor |15l - [l7| . The 
"holonomy correction" is due to the use of holonomies as 
a basic variable in the quantization scheme [l8l - l2]| . 

One of the most interesting quantum effects due to 
LQC is the presence of a super inflation epoch which 
occurs during the early phase of the universe after the 
big bounce independently of the potential 0, [23|. In 
classical dynamics, the standard inflation is driven by a 
self-interacting potential and super inflation can not hap- 
pen unless bringing in the exotic matter which violates 
the Null Energy Condition(NEC). However, in LQC, it is 
shown that the super inflation period will happen inde- 
pendently of the form of potential [24| . LOC predicts an 
era of super inflation irrespective of whether it is followed 
by a standard slow-roll inflation or not. 

Because of the robustness of the super inflation in 
LQC, it makes great sense to study the perturbation and 
anisotropy given by such a phase. The application of the 
scalar mode perturbation with inverse volume correction 
can be found in [Hj], the vector mode in 26 1, the tensor 



mode in 27] . However, when the perturbation of in- 
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homogeneities around the Friedmann-Robertson- Walker 
spacetime is investigated the anomaly problem appears. 
When attempting to include the corrections of LQC, the 
constraints with the presence of quantum corrections are 
not anomaly-free, which means the derived background 
equations can no longer be compatible with all the terms 
in the perturbation equation. This problem is solved 
in the "inverse volume correction" scenario by adding 
counter-terms to the constraints to eliminate the non- 
anomalous terms and make the constraint algebra to be 
closed [28|. The gauge invariant cosmological perturba- 
tion equations are also derived in [29j . 

Scalar perturbation with holonomy corrections have 
also been studied in (3(| , and the power spectrum of the 
perturbed scalar field is also calculated in 31]. However, 
most of previous investigations are based on calculations 
which is not anomaly free and the power spectrum cal- 
culated is also under the approximation that the back- 
ground spacetime is unperturbed and only the scalar field 
is perturbed. Recently, the gauge-invariant scalar mode 
perturbation with holonomy corrections has been found 
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in [32[ which is also obtained by introducing counter 
terms to eliminate the anomaly problem as in the inverse 
volume correction case, and the equations of perturba- 
tion are also derived in that paper. 

With the quantum effects described by LQC, it is nat- 
ural to ask whether the signatures of the super inflation 
period can be obtained. To answer this question, we have 
to consider the power spectrum and anisotropy produced 
by this epoch. In this paper we focus our attention to 
the scalar mode perturbation with the gauge-invariant 
form of holonomy corrections. We calculate the power 
spectrum and anisotropy risen by a scalar field in clas- 
sical dynamics and in LQC with holonomy corrections 
respectively and find the quantum effects in this period. 

This paper is organized as follows. The gauge-invariant 
scalar mode perturbation with holonomy corrections is 
presented in SecHU And then in SeclIIII and Sec. IIV1 
we calculate, respectively, the power spectrum of the 
perturbation during the super inflation epoch and the 
anisotropy during this period. At last in Sec. |V]we give 
some discussion and conclusion. 
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The c^are counter-terms, which are introduced to remove 
anomalies and vanish in the classical limit (/2 — > 0). In 
this paper we introduce the matter to be a scalar field, 
and the scalar matter Hamiltonian can be expressed as 



II. SCALAR PERTURBATION OF LQC 

In this section, we review briefly the gauge-invariant 
formalism of the cosmological perturbation theory with 
holonomy correction in LQC. The detailed derivation can 
be found in [32| . For the scalar mode perturbations, 
along with the background FRW metric, the line element 
takes the form 

ds 2 = a 2 (T){-(l + 2(t>)dT 2 + 2d a Bdrdx a 

+ [{l-2^)8 ab + 2d a d b E]dx a dx b } , (1) 

where the scale factor a is a function of the conformal 
time r, the spatial indices a and b run from 1 to 3, and 
4>, tjj, E and B are scalar perturbation functions. 

In the Hamiltonian framework, the background vari- 
ables are k, p, (p, and 7f, while the perturbed variables 
are 5K a , 5E?, Sep, and Sir. When the honlonomy correc- 
tions is taking into account in the scalar mode perturba- 
tion, we have to add some counter terms in the Hamil- 
tonian to eliminate the anomalies. The explicit form of 
holonomy-modified gravitational Hamiltonian constraint 
can be written as 
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and 
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The counter-terms are given by 



at =K[2]-K[si], 
a 2 = 2K[1] 2 - 2kK[2], 
a 6 = 2K[2] - K[s 2 ] - fcfi, 
a 7 = -4K[1] 2 + 6fcK[2] - 2fc 2 0, 
a 8 = -4K[1] 2 + 6fcK[2] - 2fc 2 fi 
a 4 = q; 5 = aio = tt - 1, 
a 3 = a 9 = 0, 



and £1 is denned as 



ft := cos {2p"fk) = 1 — 
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where p c is the critical energy density. 



A. Background equations 

Using the anomaly-free conditions [32l | , we can get the 
equations of motion for the canonical variables through 
the Hamilton equation 

f' = {f,H[N,N a }}, 

where the Hamiltonian H[N, N a ] is the sum of all con- 
straints 

H[N,N a ] = Hq [N] + Hm [N] +Dq [N a ] + D M [N a ] . (5) 

The equations of the background variables are the fol- 
lowing: 
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where the ""' means the differentiation with the confor- 
mal time r 

Now we set N = y/p, and then we can combine Eqs.© 
and ([9]) to the Klein-Gordon equation 
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In addition, Eq.([7]) can lead to the modified Friedmann 
equation 
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where H is the conformal Hubble rate and has the ex- 
pression 
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Another useful expression is 
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In this paper, we consider the situation in LQC the mat- 
ter is introduced as a normal scalar field which satisfies 
the energy condition, in which the energy density and 
pressure are given by, respectively 



B. Perturbation equations 

The equations for the perturbed parts of the canonical 
variables are, respectively 
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Applying the above expressions to the left of Eq. (fl4l , 
one can get the following expression 

8Ki = + kSl<p + Hct>)6 i a + d a d i (kE-^(B-E')). 

(18) 

Furthermore, applying Eq. p3|) to the left side of Eq.([T5|. 
one can also get other two equations, which correspond 
to the diagonal and off-diagonal parts: 
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Finally, we give out the gauge transformation forms with 
scalar perturbations under a small coordinate transfor- 
mation 

Taking into account of the holonomy corrections, the 
transformations of the metric perturbations can be ex- 
pressed as follows 

[ S [( o, Q B = e, 

and the following gauge transformations of the time 
derivative of a variable X can also be expressed as 

hi°;(,\ x ' ~ (Pw£} x ) = n ' s [o,i°] x - ( 26 ) 

It is possible to define the Mukhanov variable as follow 
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and we can derive the corresponding dynamical equation 
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And in addition, with the expressions of SK l a and SEf, 
the perturbed part of the Hamiltonian constraint 
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can be written equivalently as 
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where 



z = VP 
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It is also possible to define the perturbation of curvature 
1Z such that 

K=~. (30) 

z 



III. POWER SPECTRUM 

In this section we calculate the power spectrum of the 
perturbed field. As a comparison we first calculate the 
spectrum in the classical condition, then we investigate 
the power spectrum in the LQC form with the holonomy 
corrections. 



A. Power spectrum in the classical condition 

In classical condition, the time derivative of Hubble 
parameter is 



H = -4irG(p + P) 



(31) 



where p is the total energy density and P is the pressure. 
We can see from the above equation that the super infla- 
tion can not happen in the classical condition unless the 
Null Energy Condition(NEC) is violated: 



p + P < 



(32) 
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As a simplest example of super inflation we consider the 
case with an exponential potential: 



(33) 



where uki &v = ±1. The case with gk — &v = — 1 leads 
to solutions in Euclidean time which is not considered 
here. The case with negative potential (ok = —cry = 1) 
leads to the simplest single field realization of the Ekpy- 
rotic scenario |33j. The case <jk = —cv = —1 leads to 
a stage of super inflation solution which we will consider 
here: 



a {t) ~ (-t) rn ,t< 0,m < 0, 
ip(t) = lM pl log(-M pl t), 
V Q = Mim (3m - 1) , 



where m — — 2/ A 2 . In the standard super inflation, the 
scale factor is nearly constant and the Hubble parame- 
ter H increases. Such a solution is characterized by a 
constant state parameter w = — 1 + 2/ (3m) < 1 and 
H = m/t > 0, where super inflation happens. 

We can also write the solution in the conformal time 

r: 

a(r) ~ (-r)* , 

<P(J) = 2j ^M pl log (-M pl r) , (35) 

\r _ I1//-4 p'(2p-l) 

Vo - M P i (W ' 

where n = , m and p < 0. From the mass conservation 
equation 



p + 3H{p + P) = 0, 



(36) 



and the form of energy density Eq. p3p , we can obtain 
the equation of the homogeneous background scalar field 



Cp" + 2Wp' - V, v {(p) = 0. 



(37) 



From the perturbed Einstein equation 8G^ U — 5T^ U we 
can get the equations of the scalar perturbations: 

■^{ZH(ip,+U<j>) 

-V 2 [ip + H (E' - B)] + {%' - H 2 ) (j)} 
= -Sp (38) 
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We know that the intrinsic spatial curvature of hyper- 
surface on constant conformal time r is 

i?(3) = 1 y 2 ^, 

and the variable 1Z is the curvature perturbation on co- 
moving hypersurface where Sip = 0, i.e. 

U = ip\s v =o =ip + U^r- 
f 



By defining 



v = zlZ 



(42) 



(34) (see Eq. ([201)), where 



we can derive the Mukhanov equation from Eqs. 
621: 



V'v v = 0. 

z 



(43) 



Applying the solution Eq. ([33)) to the above equation and 
going to the Fourier space, we obtain 



v'k + (fc 2 + m 2 f K = 0, 



where 



and 



v 1 = p(p-l) + -. 
The general solution is 



where A, i? are constants and H^\H^axe Hankel's 
functions of the first and second kind and x = — kr. If we 
impose that in the ultraviolet regime k ^> aH(~kr ^> 1) 
the solution matches the plane wave solution e~ lkT j 'v2fc 
that we expect in flat space time. On the other hand, 
the asymptotic behavior of Hankel functions is: 
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(ip 1 + -H0)' + 2H (<// + H<pj\ = SP, (41) We have to set B = and A = ^e^+'H . Therefore, 



we have 



6<p 

derived from Eq. (|33[) . 



where Su — —-^ and the expression of 5p and 8P can be 



^ e <-+J)f v ^: if (i)(_ fer ). (44) 
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When the mode gets to the horizon, the Hankel function 
h1 1] ~ 2 iy -la;- l T(^)/r(3/2), so, the func- 

tion flUD becomes 



Vk 



s 'M)f 2 H)rM i ( _ fcr) 



r(3/2) V2fc 



(45) 



Neglecting the constant phase factor, we can get from 
the definition Eq.(g2J 



2^(1+*) r(3/2) fc ( T) 

The resulting power spectrum is as follow 
k 3 



2tt 2 
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If the power spectrum is scale-invariant, we have to re- 
quire v = | which leads top = — 1. However, the relation 
that m = require p not to be —1. The spectra is a 
little red tilt and we can choose p = — 1 — 5 where S is a 
small positive quantity. With this the spectral index n-n- 



Ann = 3 — 2v 



-25. 



Although in the classical condition with the matter vi- 
olating the Null Energy Condition, the super inflation 
epoch can lead to a nearly scale-invariant power spec- 
trum with a little red tilt, the solution is not the standard 
super inflation during which the Hubble factor rapidly in- 
creases and the scale factor is nearly a constant. In this 
condition, p and the parameter v can be expanded 
— p. The power spectrum in this condition is 



m p: v 



and the index 



Vn 



■An T . 



Arnz = 2(l+p). 



(48) 
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B. Power spectrum in LQC with holonomy 
corrections 

Given the gauge-invariant form of scalar perturbation 
with holonomy corrections in previous section, we are 
now ready to calculate the spectrum during the super 
inflation epoch. 

The energy and pressure of the scalar field are given 

by 

•2 • 2 

which is normal matter in contrast with the classical case. 
Given this, the time derivative of the Hubble rate is 



2 V Pr 



We can see that, near the bounce, the energy density is 
p rj p c and the super inflation happens. In this paper we 
use the background solution given in [31] to calculate the 
power spectrum. The potential is 



V = p c -U(cp). 
Now we define the parameter 

= U,<f> fp2 
u 



(50) 



(51) 



Considering the regime where p c / p ~ 1, we can see A is 
a constant and by integrating A the U part of the scalar 
potential is given by 

U = U a e- Xip . (52) 
The scale factor undergoes a power law evolution 



a(r) = (-rf 
where t is negative, and 

1 = {u, v /uf 



P 
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2 ' 
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The time derivative and the potential expressed in the 
conformal time r yields 



V = 



y/2 1 



It 



and 



V 



(1 + e) 2 (or) 2- 



(55) 



(56) 



we can see that in this solution, the parameter p — ¥ cor- 
responds to the standard fast-roll super inflation, which 
occurs when the field ip is rolling down a steep potential. 
The equation of the variable v is Eq. 



nv z D 

z 



0. 



and the squared velocity of the perturbation is 



=2 = n. 



From the definition of ft (Eq.Q) we can see that — 1 < 
Q < 1. In the super inflation case, p ~ p c and Q w — 1. 
So the equation above turns out to be 



V 2 v v 

z 



0. 



Fourier decompose v to give 

z" 

v'l - k 2 v k v k = 0. 



7 



Given Eg ([25]). Eq([g3)l. Eg ((56)) we can get the explicit 
expression of z 

V2el 
z = ^— t-(-t) p , 



e + lp 



and we have 



v'l - k 2 v k 



p(p-l) 



v k =Q. 



(57) 



In order to solve this equation, we have to substitute the 
variable r into the new variable r' :~ it and the above 
equation becomes 



d 2 v k 



dr 



^ + (k 2 + mi ff )v k = 0, 



(58) 



where 



and 



l eff 



W 2 1 



1 



I/ 2 =p(p- 1) + 

which is the same as the classical case. The general so- 
lution of Eq. (JSHJ) is 



v k = V x 



AHi x \x) + BH<?\x) 



which is also the same as the classical case and A, B are 
constants and Hi,, are Hankel's functions of the 

first and second kind. However, in this case x — —ikr. 
At early times when the mode is deep inside the horizon, 
k > aH(\ - ikr\ > 1) and the solution of Eq. J58]) is 



v k = die kT + d 2 e kr 



On the other hand, when \x\ 3> 1. the Hankel function 



is 



H<p(x » 1)~ jA e <(--f-i). 



eV>{x » 1) 



»~'(^!"-f) 



As we choose the ultraviolet limit to be Eq. ([61]) . we can 



fix the constant B = and A = */f e - fcT o+ J (f y +f). 



Therefore we have 
Wfc(r) = 



wrfcr e _ fcT0+i (^ +f ) iJ ( 1) ( _ ifcr) _ (62) 



We can now look at the long wavelength limit. On su- 
perhorizon scales, < 1 and for a specific finite time r 
this corresponds to |x| <C 1. Since 

^ 1) (N«i)~v|2-i e -^^Ig ) 

with this in the super horizon limit, the solution is 

v k = e - k ^- 3 H-kr)-^^L. (63) 

On the other hand, if we choose the ultraviolet to be 
the mode e~ kT , we have to set the constant A = and 
B = yfe feT0 ^(^ + ^). In this case 



Vk 



-inkr 



e kr -i(% v+\ ) H (2) ^ iftT ^ ^ 



Since 



r(3/2)' 



(59) 

we can see in the superhorizon limit 



We have used the original variable t for convenience. 
There are two modes in Eq. (l59l) and the solution is a 
composition of them. Now we discuss the case that the 
sub-horizon solution depends only on each of the modes 
respectively and then consider the general case which 
which is a composition of the two modes. 

If the solution depends on the mode e kT only, it can be 
written as 



v k = D ie kT . 



(60) 



This equation is an exponent function which varies as r 
changes its value, as a result it can not be normalized at 
every time. To specify the parameters D\ , we choose a 
definite time To to normalize them and the variable v k is 
written to be 



Vk = 2 ^ 4 i^S) efcT0 " i7r!/+ii (-^)" !/+l - ( 65 ) 

Comparing Eq. flSB")) and Eq. ([55|) and neglecting the con- 
stant phase factor, we can see that in the latter equation 
the factor e~ fcr ° is replaced by the new factor e kT °. In 
the general case, the solution in the sub-horizon limit is 
a composition of the two modes, so that the variable v is 



v k 



c kr , r | r(i/) 

r(3/2) v ' 



■v+i 



r(3/2) 



{-kr)- v+ T, (66) 



where C and D are complex constants and satisfy the 
normalization condition 



v k = e- kTo e kT . 



(61) 



\C + D\ = 1. 



(67) 
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FIG. 1: The power spectrum with different initial conditions. 
The wave number k varies from ao-ffo to 10 4 ao^o- The inside 
picture depicts the region pk/aoHo < 1 
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FIG. 2: The power spectrum with different p. 



From Eq. (|30|) . 1Z can be written as 
e+ 1 



K 



- P k p (Ce~ kTo +De kTo ), 



(68) 



where we used the expantion v = i — p in the second 
step. The power spectrum is 

Vn ~ k 3+2p {\C\ 2 e- 2kTa + \D\ 2 e 2kT0 + 2Re(C*D)). (69) 

If we write Tn to be — — , the above equation turns out 
to be 

V n ~ k 3+2p {\C\ 2 e- 2k ^ + \D\ 2 e 2k ^ + 2Re(C*D)), 

where the subscript '0' indicates quantities at the con- 
formal time 'to' which we choose to normalize. We know 
that k = aH and we can see that when the super in- 
flation occurs, the power spectrum varies as k increases. 
We can consider two different \imits:p(aH / aoHo) — > 
and p(aH / a H Q ) > 1. When p(aH / a a H ) — > 0, the fac- 
tor e~ kT ° — > 1. As a result, 

V n -k An ^, (71) 

which is not scale-invariant and has a blue indices 

An n = 3 + 2p. (72) 

If the other limit p(aH/aoHo) 3> 1 is considered, the 
power spectrum is 



(73) 



which is an exponentially blue spectrum. 

In Fig.([T|), different initial conditions arc considered. 
We assign different real numbers to the constants C and 
D. When the wave number increases to a great mul- 
tiple, the function images of different initial conditions 
are the same but translated in the x axis. We can also 



see that when pk/aoH^ < 1 the image approaches the 
cubic function. It can be verified that when C and D 
are complex numbers the graphs indicate the same sig- 
natures. When aH increases sufficiently compared to the 
initial value a$Ho, all the images turns out to be an ex- 
ponential shape, which means different k corresponds to 
different indices and the indices increases sufficiently as 
k grows. In Fig.© we can see the slope of the power 
spectrum curve increases as p grows. 



IV. ANISOTROPY 

In this section we will consider the anisotropy which is 
sourced by scalar perturbation. Anisotropy is described 
by the shear of the constant time hypersurface. In the 
case of scalar perturbation metric Eq.([T]), the shear is 
given by (see Appendix B of |34j |) 

1 



{E' n] -B tij ) - -%V 2 {E' - B) 



(74) 



where the scalar shear perturbation is defined as 

a s = E' - B. (75) 

Given this we can calculate the anisotropy in the classical 
and quantum conditions. 

A. Anisotropy in the classical condition 

The variable 1Z is the curvature perturbation on co- 
moving hypersurface where Sip = 



U = ^\s v =o = ip + T-L 



Sip 



9 



In this gauge the scalar mode perturbations can be rep- 
resented by the gauge-invariant qantities 



k = *-i(oJ?)' : 

K = i} + U 5 f , 

rr - „S _ §k 



(76) 



In this gauge, you can verify that Eqs. ([3"5)) - ([4T)| turns 
out to be the simple form: 



v 2 n + nw 2 a c = (W - n 2 



n' + u<f) c = o, 



(77) 



(78) 



(79) 



K - (j) c + cr' c + 2Uo c = 
Using Eq. ([77|) and ([75)1. and eliminating 4> c , we can get 

n 



w -n 



: V 2 (K + Ha c ) =0. 



(80) 



We can also eliminate (f> c , a c and replace 1Z to the variable 
v to derive the Mukhanov equation. Going to the Fourier 
space we can get 



n'-n 2 l 



(81) 



Applying the solution Eg. (1341) and the expression Eq. (|46 
to the right of the above equation, we can get 



&ck 



A I» 1 r 

2M pl T(3/2) V2fc Z 



Ffc--+2(_ T )- 



-- v - p)k z + (-t) 



(82) 



As a comparison of the quantum case, here we consider 
the standard super inflation where we can expand the pa- 
rameter v — \ — p and find that the first term approaches 
0. As a result the main contribution of the anisotropy is 
due to the second term: 



A 



Ccfc 



2V2M % 



-k-2+P(- T ). 



(83) 



We can also see that the anisotropy scales equally as 
— t ~ a 1 !' 9 near the bounce, which leads to 



a 



oc ap 



(84) 



We know that p is a negative and |p| <C 1. As a result, 
the anisotropy, sourced by the scalar perturbation in the 
isotropic background, is much more sensitive to the scale 
factor a, than the anisotropy derived from the standard 
anisotropic background which is proportional to 1 /a 3 . To 



see how the anisotropy grows, we estimate the size of the 
anisotropy: 

<M 2 > = (^ Sij 4 



d 3 k i 



(2tt) 3 2a 2 
1 



-kikj + ~ 5j j fc 2 ] (7^ 



6ir 2 a 2 



of \ k°dk 



(85) 



and the integration is carried over the modes exited in 
the horizon: 



S\2\ 



A 2 (-r) 2 fee 
48M 2 ~6~ 



aH 



P 



M. 



(aH) 4 , (86) 



pi 



where in the second step we used the relationship r 
p/aH. 



B. Anisotropy in LQC with holonomy corrections 



In the comoving gauge, Eq. (|23j) and Eq. (|25| turn 
out to be 



W + U4> c = 0, 



and 



nv 2 n + nv 2 a c = (u' - n 2 ) ■ 

Eliminating cf> c we can get 
H 



W -H 2 



v z (nn + Ha c ) = o. 



(87) 
(88) 

(89) 



We can see that the scalar shear and the curvature per- 
turbations source each other. We Fourier decompose the 
above equation and have 



k 2 n 2 

With Eq. ([53f we can get 



_ w-h 2 n 

&ck = — '^k — WT'^k- 



(90) 



&ck 



(e+1) T{u) | + i v _ p _ 

x (Ce- kT0 -f-De^-'K!)) 

x 



,1 



(i+ P )q-v-p)k- 2 -(-T) 2 



(91) 



When we expand v = \ — p, we can see that, as in the 
classical case, the first term in the above equation ap- 
proximates 0. And, as a result, the main contribution is 
from the second term which decreases as the conformal 
time r varies towards to 0: 



e + 1 
V2e 



k p [-r){Ce- hT0 +De kTQ ). (92) 
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FIG. 3: Anisotropy growing with different initial conditions. 



We can also see that the anisotropy scales equally as 
—t ~ a~ 1 f p near the bounce, which is the same as the 
classical case, and as Eq. (|M|) . c s oc a? -1 . 

Now we estimate the size of the anisotropy. As Eq. (1851) , 
we have 



i 



6ir 2 a 2 > fcl U^e 2 
k e [\C\ 2 e~ 2kT ° + \D\ 2 e 2kTa + 2Re[C*D)] dk, 

(93) 

where in the last step we have neglected the order of p. 
The integration is carried over the modes that exit the 
horizon, one can get 



(e + 1) 2 
12n 2 e 2 

3 



aH 



\Cfe~ 2p ^ + \D\ 2 e 2p ^ 



(aH)" 



+P 



a H { 



(aH)' 



(|C| 



15 ( a H 
P 



2 -2p-^%- 

e a o H o 



(aHY 



45 ( a H 
4 



P 



\D\ 2 e 2p ^ 



2 K ' 2\p 



(aH) 4 



45 / a a H 
4 I p 



(aH) 



2 45 / a Q H 



P 



--Re(C*D)p 2 (aH) 1 



(94) 



The images of a 2 varies with aH are Fig.© and 
Fig.©. We can see from Fig.© that, as in the power 
spectrum case, the magnitude of the anisotropy increases 
exponentially as aH increases to great large multiples 
compared to the initial value ao-ffo- Different initial con- 
ditions only translate the images in the k axis but not 



FIG. 4: Anisotropy growing with different values of p. The 
wave number varies from aoHo to 10 4 aoHo- The inside picture 
depicts the region where the wave number varies from aoHo 
to 100a H 



change the shape. We can also see from Fig. (J4j) , when 
the value of p increases, the slops of the curves also in- 
creases. 



V. DISCUSSION AND CONCLUSIONS 

This paper we have studied the power spectrum and 
anisotropy in super inflation epoch, respectively, in clas- 
sical condition and in LQC with holonomy corrections 
and the gauge-invariant scalar mode perturbation. 

In classical condition, the super inflation is driven by 
matters that violates the Null Energy Condition. In 
this case the super inflation epoch can produce a scale- 
invariant power spectrum with small red tilt by choosing 
the parameter p — > — 1 in the super inflation solution. 
However, this epoch is not the standard super inflation 
where the scale factor a is a constant and the Hubble 
parameter H grows rapidly. In other words, if the power 
spectrum is scale-invariant, the scale factor a also has 
to grow rapidly with the rate compared to the rate of 
the growth of H. On the other hand, if the epoch is 
a standard super inflation, the power spectrum is not 
scale-invariant and has a blue indices. 

In contrast to the classical condition, in LQC with 
gauge-invariant holonomy corrections, the power spec- 
trum never has a scale-invariant form and has a blue 
indices no matter how we choose the parameter p in the 
super inflation solution. 

In addition to the difference from the results in the 
classical condition, this is also different from previous 
investigations in LQC. The power spectrum of super in- 
flation has already been studied in the foam of LQC in 
previous calculations. In [35| the primordial spectrum 



is calculated with inverse- volume corrections and in 31 1 
the holonomy corrections are also considered. However, 
these investigations are based on the perturbation the- 
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ory which is not anomaly free. Besides that, in these 
cases the background spacetime is approximately unper- 
turbed and the whole perturbation is due to the scalar 
field. With this approximation the power spectrum can 
be scale-invariant when the parameter p — > which cor- 
responds to the standard fast-roll super inflation. The 
study in this paper shows that, with the gauge-invariant 
form of perturbation, the scale-invariant power spectrum 
can never be achieved. In our investigation, we also find 
that the indices of the spectrum is not a constant but 
grows with the wave number k. When k grows to a suf- 
ficiently multiple of the beginning cloHq, the spectrum 
approaches an exponential function with the wave num- 
ber k. 

Then we calculated the anisotropy originated from the 
perturbation in classical condition and in LQC, both 
of which are in the standard super inflation. We find 
out that in both cases the anisotropy increases when 
aH grows during inflation. In classical condition, the 
anisotropy grows as (aH) 4 . In the LQC case, for the 
perturbation 1Z grows exponentially, the anisotropy pro- 
duced by the perturbation also grows exponentially, 
which is much faster than the classical case. 

As the parameter Q is negative during super infla- 
tion, the perturbation is of instability during this period. 
This causes the exponentially blue power spectrum of 
curvature perturbations and the exponentially increas- 
ing anisotropy. The power spectrum we calculated here 
is not fit to the one observed today which is nearly scale- 
invariant. This means that the power spectrum observed 
today is not produced by the super inflation epoch. In 
LQC, when the energy density \p c < p < p c , the super 
inflation happens, after which the standard inflation fol- 
lows. The observable today is very likely to be originated 
to the standard inflation epoch. When the standard in- 
flation happens in LQC, ^7-^5, which corresponds to 
the parameter ~ 0. In this case the inflation epoch is 
also different from the classical case where = 1. The 
calculation of power spectrum produced by this period 



is not concerned with for this paper and requires future 
investigation. The super inflation is a period just after 
the "big bounce", when this epoch happens the Hubble 
horizon contracts and the inhomogeneities of wavelength 
larger than the horizon is " frozen" . In the following stan- 
dard inflation, the structure produced by super inflation 
expands as a increases, and as a result, the structure has 
the longest wavelength compared to the structure pro- 
duced by the standard inflation epoch. The observation 
of the power spectrum may be out of reach today, but 
the exponentially blue indices is still a signature of the 
structure of that period. 

The anisotropy observed today is very small but ac- 
cording to our calculation, the anisotropy during the su- 
per inflation increases exponentially as aH grows. Since 
experiments from standard inflation suggests that ap- 
proximately 60 e-folds of growth of aH are required 
for consistency with observations, it seems disappoint- 
ing that the resultant anisotropy during super inflation 
may be unacceptable. However, all the e-folds are not 
produced by the super inflation epoch. In the follow- 
ing standard inflation epoch the scale factor a changes 
rapidly as H remains nearly constant, which can also 
make aH grows sufficiently. If the super inflation epoch 
is short enough and the growth of aH is not very enor- 
mous, the divergence of anisotropy is not a problem. On 
the other hand, even if the anisotropy produced by the 
super inflation epoch is a very large quantity, the follow- 
ing inflation epoch is very probably to cancel it. 



Acknowledgments 

This work was supported by the National Natural Sci- 
ence Foundation of China (Grant Nos. 11175019 and 
11235003) and the Fundamental Research Funds for the 
Central Universities. 



[1] A. A. Starobinsky, Phys. Lett. B 91, 99 (1980). 
[2] A. H. Guth, Phys. Rev. D 23, 347 (1981). 
[3] A. Albrecht and P. J. Steinhardt, Phys. Rev. Lett. 48, 
1220 (1982). 

[4] S. W. Hawking and I. G. Moss, Phys. Lett. B 110, 35 

(1982) . 

[5] A. D. Linde, Phys. Lett. B 108, 389 (1982); B 129, 177 

(1983) . 

[6] A. R. Liddle and D. H. Lyth, Cosmological inflation 
and large-scale structure, (Cambridge University Press, 
2000). 

[7] T. Thiemann, Introduction to Modern Canaoical Quan- 
tum General Relativity, (CUP, Cambridge, Eng- 
land,2007). 

[8] C. Rovell, Quantum Gravity, (CUP, Cambridge, Eng- 
land,2004). 

[9] A. Ashtekar and J. Lewandowski, Class. Quantum Grav. 



21, R53 (2004). 
[10] M. Bojowald, Class. Quantum Grav. 17, 1489 (2000); 17, 

1509 (2000); 18, 1055 (2001); 18, 1071 (2001). 
[11] C. Rovelli, Living Rev. Relativity 1, 1 (1998). 
[12] T. Thiemann, Lect. Notes Ph ys. 631, 41 (2003). 
[13] M. Bojowald, |gr-qc/0505057l 
[14] M. Bojowald, Phys. Rev. Lett. 86, 5227 (2001). 
[15] M. Bojowald, Phys. Rev. D 64, 0804018 (2001) 
[16] M. Bojowald, Class, Quant. Grav. 19,5113 (2002). 
[17] K. Vandersloot, Phys. Tev. D 71, 103506 (2005). 
[18] A. Ashtekar, T. Pawlowski. and P. Sigh, Phys. Rev. Lett. 

96,141301 (2006); Phys. Rev. D 74, 084003 (2006). 
[19] A. Ashtekar, T. Pawlowski, P. Sigh and K. Vandersloot, 

Phys. Rev. D 75, 024035 (2007). 
[20] K. Vandersloot, Phys. Rev. D 75, 023523 (2007). 
[21] A. Corichi, T. Vukasinac and J. A. Zapata, Phys. Rev. 

D 76, 044016 (2007). 



12 



[22] M. Bojowald, Phys. Rev. Lett. 89, 261301 (2002). 
[23] M. Bojowald and K. Vandersloot, Phys. Rev. D 67, 
124023 (2003). 

[24] G. Date and G. M. Hossain, Phys. Rev. Lett. 94, 011301 
(2005). 

[25] M. Bojowald, M. Kagan and P. Singh, Phys. Rev. D 74, 
123512 (2006). 

[26] M. Bojowald and G. M. Hossain, Class. Quantum Grav. 

24, 4801 (2007). 
[27] M. Bojowald and G. M. Hossain, Phys. Rev. D 77, 

023508 (2008). 

[28] M. Bojowald, G. M. Hossain and M. Kagan and S. 
Shankaranarayanan, Phys. Rev. D 78, 063547 (2008). 

[29] M. Bojowald, G. M. Hossain, M. Kagan and S. Shankara- 
narayanan, Phys. Rev. D 79, 043505 (2009); Phys. Rev. 



D 82 109903(E) (2010). 
[30] J.P.Wu and Y.Ling, JCAP 1005, 026(2010). 
[31] E. J. Copeland, D. J. Mulryne, N. J. Nunes, M. Shaeri, 

Phys. Rev. D 77, 023510 (2008). 
[32] Thomas Cailleteau, Jakub Mielczarek, Aurelien Bar- 

rau and Julien Grain, Class. Quantum Grav. 29 095010 

(2012). 

[33] J. Khoury, B. A. Ovrut, P. J. Steinhardt and N. Turok, 

Phys. Rev. D 64, 123522 (2001). 
[34] BingKan Xue and Paul J. Steinhardt Phys. Rev. D 84, 

083520 (2011). 

[35] David J. Mulryne, and Nelson J. Nunes, Phys. Rev. D 
77, 023510 (2008). 



